
B Homology of 4-manifolds

lemma 5:

If X" = (0-handle) -k/2-handles) then

Ho(X) =E,
H,
(x) = 0 and

1) H
,
(x)= generated by 2-handles

specifically : 2- handles attached to

↳ u
... Uhr ,

let I, be a Seifent

surface for Im pushed into

interior (BY) and AFE,
C, where

G is the core of I-handle

2) He (X,
2x) = OnE generated by the

co-cores of the I-handles

Proof :

1) let Xe = -handles) v 1 ** 112-handles

note Xe+/X = 5

So
H3(Xe+, Ye) + Hy(X) -> He(X+1) -> Ha(X . Y+ ) -> H , (X)

" title b

: He (e) EHy(X)
&
gen by Anti

so inductively Hz(X) is as claimed.



2)Since H
, (X)

= 0
,
Universal Coefficents gives

H2(x) = Hz(X)

and Poincare duality gives Hz(X,
2x = H2(X)EOE

note : if By is the corore to it 2-handle

then (B
.
J He (X

,

2x) and

Bi · Aj = Sij #ti
so Bi gives elt H

*

(x) = Hom(H2(x) , e)

that is deal to Aj

1
.
2. By's generate HelX, 2x)

#

Theorem 6 :

let L ,
U

... ra be a link in S3 and X be the 4-med

obtained from By by attaching I-handles to BY

along the L with framing ni
let aij = It is a etjE 2 = j

the matrix A = (ii) is called the linking matrix

we have
Hy(x) - Ha(X,

0x) = H
, (2x) + H

, (x)

Sl A
SI "

OpZl -> ①Z
l

where we use A; as a basis for Hy(X) and

Bj Hz(X,
2x)



Thus if Mi is the meridian to Li then we

have a presentation for the homology of

2X :

H
,
(ax) EM, ...,Mp)Mit 9, 2 Mat ..., ...

example
Oz

linking matrix a =(ii)
miniis

you can compute defA
= 1

so A is an isomorphism OpE-PE

and so H
,
(2x) = 1

Proof : we first note that

Hz(X, 2x) - H
, (2x)

is just a boundary map so 2(B1) =Mi
,
soM generate H

,
(X)

now Ha(X) -> HalX, 2x) is just inclusion so we need to write

the Ai in tems of the Bi

recall An = [
,

r core 2-handle

&Lit
Wa



push core to aX

Q
-

Ez
anything in 24 "disapears" in Hz (X,

2x)

so we just have I with its boundary linking Li , ni
times in 53

·
Iji

now push I; into 2X

can do this except for parts where some other component

11 [; and where Li1 Zi
these are precisely meridian curves bounding Bi in X

so An 9
, i B,+ :Bet ...

+ Ani Br #

We now study Hz(X) when X is closed

Recall Hz(X)EH(X) (If H,
(x) has no torsion)

and H"(x) has a cup-product pairing

H2(x) xH
=

(x) -> H +(x) = E

we interparate this geometrically



lemma T :

If X is a closed oriented 4-manifold then any at Hz(X)

is represented by an oriented surface [cX

2
.

e
.
[z] = a

Proof : Hz(X) = H
=

(x) = (X; K(*, 2)]
Brown

now K(2
, 2) = CPP = 0-cell u z-cell u 4 cellu ...

so any map fix-> CPP is homotopic to

fix-> <p

Lindeed
,
f(x) < GO" some n since it is compact

now make f transverse to center ofIn-cell

thusf disjoint from it it nu 2
, and so I can be

homotoped of of it, i.e. into <pa-

so inductively get f(x) <<P
>

)

Help =E generated by ep'c ep

make - transverse toCP1 and set I = f +(CP)

Hz(X) = Hz(X)

↓f ↑ f
*

Hz((P2) = H2CpY
31 115

Z Z

gen by[P] gen by P.
D

.

[CP1]

so P
.
D

.
(a) = +

*

(P
.

D
.
[Cp']) = P

.
D

.
[f"(CP)]

yea =22]



Big Question : given atHz(X) what is the minimal genus
of a surface [CX such that (2) = a ?

given [E] ,
[2]cHz(XY)

define [[J . (2) = signed count of points in InI/
(after they are made transverse)

exercise : [EJ .[I] = <P
. D. (EJ) -P.

D
. (E'])

,
[x])

so the "intersection pairing"

He(X)xHy(x) + z

and cup product pairing
H2(x) x H2(x) - z

are "dual"

in particular, by Poincare Duality, it is non-degenerate
it is also symmetric and bilinear

denote it QX : He(x) x Hz(X) -> E

lemma 8 :

If X is a 4-manifold made with only 0.
2-handles I can also have 4-handle

and A is the linking matrix of the attaching circles of
the 2-handles

,
then

Hz(X) xHz(x) -EL
is given by A in the basis Ai from lemma l



Proof : recall 1k(
.4) = signed count 1:1E;

↑

Seifect surface
~
in S= 2 BY

but this= signed count I; 12;
↑

Seifert surface
= signed count [i], for 1 with interior

pushed into BY

so A: 1Aj = (vi) n(Cu2,
)

- [
,
12; = 1h(44)

now for 1, 1 Aj take (CUIi) and C =paralleltoi

⑳
since these link 1: times the surface Is that

glues to C intersects [in n
,
times

#

QX : He(X) xHe(x) -E is an invariant of X

ingeneral, invariants of non-degenerate symmetric
bilinear forms Q : E

:
x**-E are

1) rank(Q) = r

2) type even if Q1, 2) even frezr

odd otherwise

3) Signature
o(q) = b+

-b-



by = number of I eigenvalues

4) definiteness

Q is positive definite if b- 0

negative definite if by = 0

indefinite if by otb-

Algebraic Facts :

1) Q even then (d) divisible by 8

2) Q odd indefinite => Q=(1)0(1)
p,970

3) Q even indefinite = QPEJO"(ii) quo

4) Q even definite =

!
lots !

5) Q odd definite => even (0(11)

Geometric Facts :

xi = v(Qx)

1) X*= X
, Y Xa then o(X) = o(X) + o(Xa)

(note X: not closed,
can still define

OX; it is just
not non-degenerate

but still has signature



2)G(X
,
# Xz) = v(X

,
) + o(Xz)

(clear from 1)

3)o(- x) = - o(x) leasy)
↑

reverse orientation

4) X closed oriented 4-manifold then

X = 2w5 (> o(X) = 0

5) X closed, oriented,
smooth 4-manifold with=1 and

Oy even
,
then O(X) divisible by 16

S

CRoRhlin's Th* 1952)

6) If X is closed
,
oriented, smooth 4-manifold with

T = 1 and Q is definite ,
then Q = =Op()

X X

(Donaldson 1983)

so the zoo of definite forms can beignored when

studying smooth 4-manifolds !

Fact: Every closed orientable 3-manifold bounds a

4-manifold X = o-handle - 2-handles where

the framings are even

(proof is just Kirby calculus, but a bit long

now let M be a homology 3-sphere
(2

. Hx(M) = Hy (53)

let X be a 4-manifold as in fact above with 2X =M

since M a homology sphere Qx is non-degenerate
: Alg. fact 1) => O(QX) is divisible by 8



Set u(M) =
OMy mode

lemma 9 :

u (M) is well-defined

Proof : need to see M(M) is independent of X

so let X
,
X' be I such 4-manifolds

1
.

2
. Q , OX' even

, simply connected,
and GX =M = 2X

let w = Xv -Y
M

W is a closed smooth 4-manifold with (W) = 1

and Qu is even

: Rokhlin (Geom
. fact 5)) = O(QM) divisable by 16

that is 0(4)=(x) + ol-X) = o(X) - o(x) =0mod 16

↑ ↑

geon.

fact 1) geam fact3)

so o(x) = 0(X) mod 16

and 5(x)/y = o(X)/y mod 2
#

M(M) is called the Rokhlin invariant ofM

example :

Peponhomogshea-

so u(p) = 1



exercise : P is also
"

note : this implies Pdoes not bound a homology 3-ball!

Determining when a homology 3-sphere bounds a

homology ball is a major area of study

2)u(S = 0



c .Movesbetween Kirby diagrams
just like in dimensions 2 and 3 we can do the following

manipulations to Kirby diagrams in dimension 4

① 1/2-cancelling pairs
add or delete

⑦
② 2/3- cancelling pairs

add or delete

8
°

v3-handle

exercise : "see" the s that the

3-handle is attached to

③2-handle slides

given M (K ,
K' might link
and
go overD -handles ... )

we know we can take a copy of 16 using the

framing (coming from JD" xSp) < >D x DV

where pE2D2)
and push K over it he so top over



D2+ Sp < D2+ JD2 = 2+42)

this gives

ID
but what is the framing on 1 after the slide ?

we
assume

we Il recall, the handle attached to K gives
were

do nothandles S a 2-homology class represented by a

over

9o-randles surface Ik lactually need to orient K

they for this
,

so that Ik orientedso sent
reprez-nomology and I' gives a homology class [p latier
classes orienting)

exercis Show that the homology class
-

2:

represented by the handle after the slide

is [k +[ if orientations agree

( v) + (E)
or is IjE if they disagree

~-orientation
on strande.

(vi) -> Ju) changed!



hit: the difference between these classes is
an embedded 3-manifold with boundary

orient the manifold and itgives a 3-chain

whose boundary gives the homology between
the classes

now if hi and his are the homology classes
associated to the handles attached to

K and K'

then the knot after the slide represents the

homology class his his

now from Lemmat we know the framing on

the handle aft the slide is

(hi = hy ,)= G,h = 2hijh, + h,4

= n + m + 2 linking)k, k

so the framing after the slide is

n+m =z(k(k,
k')

ID
exercise : with the convensions set up

for

framingsif K,K'go over I-handles



show the formula still works.

⑦ I-handle slides

one can usually avoid these
,
but they are "easy"

'GE E slide

I

S

2over~E Dz =
Z

exercise : check framing on the blue

example :

(52x54#IP" = CP#P# IP"

200 un-n

5lI handle slide

G 04- 4

- 1

5 II handle slide

°

C -10
+
v4-4

↓ II handle slide

8 O"D v4-h



we first observe any useful handle slide
(when you

can do it

lemma 10 :

if you have a diagram with only 2-handles and

you see If lots of

·thecounta b

O-framed meridian

thenoften handle slides you can get to

·of Bi
unchanged

E = dida

Proof : we first see the blue knot K can be

unlinked from D

note : If you see a crossing between1

and a component of D :

k
M

I
component ofD

-



then you can isotop M to

"
now slide red over m toyet

"
1.

% you can chang any crossing of with
components of D

exercise : Using this you can isotop Kum

to be disjoint from D

12 Mb

now you can also change crossings of K

with itself
,
but when you do, the framing

on K changes by 12

2_



so we get to

· B
now notice you can do further slides of K

over l to chand framing by any even#
n + 2

·
example :

Do Go = 15-ball

Ay Knot

Construction : Doubling

given a manifold X with 2XF0

the double of X is
X with reversed

D(x) = X +X orientation

/identify 2x with2
by the identity

= G([0. 17 xX)

- (xx(03)u(2x x (0.,3)v(xX( ,]



~

-ercise: if X has bornday
Y does not

then D(XXY) = D(x)xY

So how do we double a handle body ?

given

-
andglue

·
you can think about putting a mirror on

top of the first handlebody and looking
at the reflection of the handles

example :

1 - n

given
we draw so G at top



-

#"r
↓
double

note the reflection of
the orange is a

D green Ihandle
attached to the

⑭ -altsphereto the

So we can push this into 610-handle) and

see our handles are attacked

K
50

so of

↓ double

to to of



We now consider a 4-dimensional manifold
with only 0.

1
,
2-handles

the 0, 1-handles become 3
,
4-handles

which we do not need to draw

so only conserved with 2-handles

as before we the doubled 2-handle will
be a 2-handle attached to the
belt sphere with framing?

sincelocore of orig. handle
and core of new handle
willgive an"with self-
intersectionO- zise:heis

as discussed before when belt sphere
isotoped into 210 -4) It will be a

meridian for the original attaching
sphere

examples :

1) D(s[xD2) = S2xD(D2) = 52x .S2

8 -
·#° 14-handle

double



2) moregenerally the double of the D2

bundle En over S" with Euler number n

is an St-bundle over 52

exercise : show this

the Kirby diagram is

"ui-hande
exercise :

"See" the orange I-handle

the fiber of the S2-bundle and

the green gives a section

If n is even the above (by lemmald) is

differ to

: v4-handle
and ifa add

#
°

v4-handle

exercise :

1) Showthere are only two sbundlesa

2) show (without Kirby calculus) that
5 x S" contains two disjoint
Spheres, one with self-intersection
In the other with self-int-In

maybe also do this with Kirby calculus



e
.g.
inEnu4-wandle
where is the disjoint - In sphere ?

note : since sixs is the double of Een we see

Enesettina
-

↳En
3 self intersectionIn

so in S2XS we see the plumbing

-zu 0 zu

·

where is it ?

8

·
add

cancelling rich04-h
219 pain
->

slideE 3 - 4

O

t U
4-4

O ~ o

(slute 2 horizontal curves one

vertical one (add one subtract
other

3- 4

- O

= vi

note : the complementofor in
Ss

is S'XD3 ! (021-handle)



3) 4

-·&
from Lemma 10 this is

&00 u tru

so 52x2

Immall :

any compact oriented 3-manifold

embeds is #SxS for some R

Remark : Bizaca and E
. used this to build infinitely many

smooth structures on MXIR for any compart,orientable
3-manifold M

.

Proof : we noted above any 3-manifold M is

the boundary of a 4-manifold X made
with oneo-handle and some number of

2-handles attached to K... K with even framing

now Mc > D(X) but a Kirby diagram for D(K)

is K
, uM, ... KRUMm Wher My are

meridians for K; and
have o-framing



lemma lo - can isotop so all K; we unkrots
have o framing and are unlinked

1 o ... v4 -4 = #52452

let's use the above to explore surfaces, and their

complement, inKp2

of course CP2 is

Ot vi-handle
so we see an swith self-intersection 1

and a complement of itsubhd
is B4

if wetake this sphere and push off a second copy

we see the plumbing
++1
·

in Up? How can we "see" this in

the Kirby diagram ?

f !

O04-handled O go
shadso
4-handle

handleste)or 3-handle
4-handle



now wesee
and the complement is S'XD = 0-40th

now let's try - just 3 copies of

d ep' c ep

from above we know a Kirby diagram for

this is

L
+j
&
+ 1

now EP2 is

O"u4-handle

add 2 pairs of cancelling 213 pairs and
a cancelling" pain

00
°

0
°

Q vide

slide I green o-framed handles ove +1

DD OGv2s-handles
4-handle

isotop
Z 3-handles

· u
4-handle



slide one of the +1 framed handles over blue x2

S y
23-handles
4-hundle

+ 1

so we seein a
what's it's complement ?

Well it is the blue 2-handle -23-handles

u 4-handle

to see this we turn these handles upside down !

so we think of them as attached to boundary

of the plumbing which is the 3-mfd

now green
Q means

3manifold
and blue means

4D2-handles
so complement is

+ 1 + 1 + 1

Q U 23-handles
-

-
4-handle

O

we know the 3 and 4-handles upside down

are 0 O
,

20 Oz

we need to see how upsidedown blue

handle is glued on



for this we do a "relative double"

handa
upside down

we do this just likeF in the normal double

but to get X upside down need to
start with X

exercise : to get * from X just

mirror the knots and negate framings

so we have

g
O~u

Do
↑ double blue -handle

so upside down X is

to
3"



we know you can gloe 2 3handles and a 4-handle.

to thegreen 3-manifold so itI #S'Xs"

let's manipulate thediagram untill we see

Cand drag . the red handle along

-
- - sticke

O->

yo ·
o

2 times =~u
-

~u
& G

Isotope and

↓ Cancel 1/2 pair

-1 - 1 -1 - 1

⑫" C
O

-Sidehandles
O

On p
isotop

not : 0
°

po a d
but this is the

upside down 3 and 4
handles



so the complement of the plumbing is

·
lotp to do

so complement of plumbing isubld of Th !

exercise : above we used a useful more

in general show
blowdown 11 ..

: =/k(k ,
+d)

/
->

blow up

exercise : can also find a "completegraph on

n vertices" with eachrenterlabled + 1 in Cp

29.
-

> 1
+ /

see this in Kirby diagram and
determine complement.



note : if you see n M Y
call S

.. S2 orient so list
⑳

n + m+ 2 n + m - 2

then you can create or &

in abld ofon
to see this notice that abed of the intersection

point is
DY = DxD2 c
Cu

Dx 303 D2+ [03
Il I/

37 = 03 \w = ob

W= 0

z = 0

so surfaces near intersection are

zw = 0

consider zw= E > 0

&
this is an annulus A +

4 : S'x (0.0) + 42

(f, 1)1+ E(re1, jett)

we can replace the 2 intersecting digls
by this annulus toget a

Surface S
,
#52



exercise :

S, #S2 is homologous to 5. 05c

↓ht : region between them
is a 3-manifoldwith

boundary

so Si is an s with self

intersection

[S ,
us

=
]"= ((s . ] + [S]]

<

= (s,]2+ 2[s] · [S2] + [Sc]
:

= n + 2 + m done !

you can use A -

= Szw =
- 3) to get

5. #- 52 with self-init. 1 +-2
&

in general
6 gives ①

(g
,
4

.
) (azital (9,

+ 92,
4, +y2)

even more R

- t

n + m + b +4
n +

m



these are just as above

but now when you
"resolve" last

double point, you take "internal"

connect sum

↳
18

. get a torrs !

so weget onemth + 6)

exercise :

show the homology class n EZEH
,
COPY

(where [CP)

generates Ha)
for a positive is represented by

a surface of genus-3) with
self-intersection n

leg .

From above has of in

its nbha)

soI a sphere of self intersection 4 in <PE

let's "see" 8 " inp



8 of-handle adpar gov -handle
4- handle

&isotopy
Ouhande slide->

&is otopy

Grin
↑ sphere self 1 = 4

What is its complement ?

it is made up of a 2-h .
3-4, 4-h

the 4
.
3-handles upside down is 0 Q

we need to see where the 2-handle goes

as we did above we think of O"as

representing a 3-manifold and

the green I-handle is attached to it

we turn this upsidedown
(need to reverse orientation)

c
double This describes S'x5 (so can

glue 3. 4-handle)



D
0

-1

the blue is S'xs" can think of as 210- handle

so complement of O" is

Q

now we know a torus with self19

let's see it

Ort-handledespair jjhadeele

Sisotopy O

Did
S 9

·
u9
-
S



↓

·
-

4- handleP ->ae

3handle⑳vanne see
in ep

exercise : find the complement of ollah in ep2

example :

the Mazur manifold is

=
exercise : Show +

,
(m) = Ses



and Hx(m) = Hy(BY)
↓ homotopy

so M is contractible (1e
.

= BP) equivalent

is M homeomorphic to BP ?

No
-

exercise : 1)M is not simply connected
unit

F sphere

2) let [ (2 .
5

,
7) = GetE = 031S in3

show (M = [ (2, 5,
7)

lneed to find a surgery
diagram for [K . 5.7)

so in PD = BY don't have to be BY
(in 2D

,
3D

,
= B" =) = BY)

note: Mx50 . 1] is a 5-manifold made with

a 0
.

1
,
2-handle the 3-handle

is attached to a curve in

5 (S4= > B5 (equator)
since "crossings" in SY can be changed
Mx (0 , 1) = 0=0 = B5

so Mx 10. 1 = BY x C0
.
1) ! (tums in product

not uniquely
determined)

also D (m) = 2 (Mx (0.1]) = 54

: [(2
,5,
7)=M embeds in S" !

ageneralized Mazur is anything of the form



T
Ime
J
goes over Ihandle

algebraically 1 time

any such manifolds has sameproperties as above

Fun Fact : if M is a generalized Mazur manifold

and GM is a Heegaard Floer L-space
then MEBP (Conway - Tosun)



D
.

I-handles again

let's start in 3 .D :

consider a cancelling 1/2-pair imageofcea1 - h cocore of

In 2-4 ↓
=T; -

=E-

11/11 M
/// 1 /M

removing abhd of the cocore is the same

as removing the 2-handle
-same as adding the I-handle

1 - h

&20-
11/11 M

/// 1 /M

#te : the arc ( = co-core) on the left
is isotopic to an arc in IM

connecting end points

easy to see if you
1) take any arc a in JM

2) pash its interior into intM
3) remove a neighborhood of

The arc



they you have attached a

1-handle to M

exercise :

1)Check this

2) show a 2-handle "goes over"

the I-handle it it crosses
↓ inM

now for 4D :

again consider a cancelling 1/2 pair

=

the boundary of the cocore of the 2-handle las we have

seen above) is

= O

removing a ubhd of the colore removes the 2-handle

and leaves the 1-handle

⑧ O
↑ take disk this
unknot bounds and

push it into interior of

O-handle
,
then remove a

abhd of it
denote this by

O.



now what happens if2-handles run over Ihandle

cocore

Q
-

slide green over blue

-
-

-

n
examples:

1) 2) +3
O

⑧er

. --


